Confined coherence in quasi-one-dimensional metals by Ledowski, Sascha & Kopietz, Peter
ar
X
iv
:c
on
d-
m
at
/0
70
35
40
v2
  [
co
nd
-m
at.
str
-el
]  
27
 Se
p 2
00
7
Confined coherence in quasi-one-dimensional metals
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We present a functional renormalization group calculation of the effect of strong interactions on
the shape of the Fermi surface of weakly coupled metallic chains. In the regime where the bare
interchain hopping is small, we show that scattering processes involving large momentum transfers
perpendicular to the chains can completely destroy the warping of the true Fermi surface, leading
to a confined state where the renormalized interchain hopping vanishes and a coherent motion
perpendicular to the chains is impossible.
PACS numbers: 71.10.Pm, 71.27.+a,71.10.Hf
Introduction. Electron-electron interactions can
strongly modify the Fermi surface (FS) of a metal. A well
known example is the Pomeranchuk transition, where
the symmetry of the FS is spontaneously broken due to
strong interactions in the zero-sound channel [1]. How-
ever, there are other quantum phase transitions associ-
ated with the geometry or the topology of the FS with-
out symmetry breaking, such as the Lifshitz transition
[2, 3] or the truncation transition [4, 5], where certain
sectors of the FS are washed out by interactions, while
others remain intact. Another example is the interaction-
induced confinement transition, which has been proposed
by Clarke, Strong, and Anderson more than ten years
ago [6]: they considered metallic chains with small inter-
chain hopping t⊥,0. For weak interactions, the FS con-
sists then of two disconnected weakly curved sheets as
shown Fig. 1. The amplitude of the warping of the FS is
proportional to the renormalized interchain hopping t⊥.
Clarke et al. [6] suggested that, at least for sufficiently
strong interactions and small t⊥,0, the renormalized t⊥
vanishes. The true FS is then completely flat, so that a
coherent motion of the electrons in the direction perpen-
dicular to the chains is not possible (confined coherence).
In the past decade the confinement problem in weakly
coupled metallic chains has been studied by many au-
thors [6, 7, 8, 9, 10], but the results have not converged
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FIG. 1: (Color online) FS of a two-dimensional array of
weakly coupled metallic chains. The dashed lines mark the
boundary of the first Brillouin zone in the direction perpen-
dicular to the chains.
due to a lack of controlled methods. A simple one-loop
calculation [7, 9] suggests that the renormalized inter-
chain hopping vanishes if the anomalous dimension η of
the Luttinger liquid state without interchain hopping is
larger than unity. However, this argument does not take
the renormalization of η by interchain hopping into ac-
count. Indeed, more refined calculations by Arrigoni [10]
suggest that higher order corrections are important and
possibly lead to a finite t⊥ even for η > 1. In this
Letter we shall re-examine this problem using a novel
functional renormalization group (RG) approach involv-
ing both fermionic and bosonic fields [11, 12]. Our main
result is that the regime of confined coherence proposed
in Ref. [6] indeed exists, so that strong interactions can
give rise to a non-Fermi liquid normal state in quasi-one-
dimensional metals.
Model. We start from an effective low energy model for
spinless fermions with linearized energy dispersion and
density-density interactions. The Euclidean action is
S[ψ¯, ψ] =
∑
α
∫
K
[
−iω + αvF δk‖ + µ0(k⊥)
]
ψ¯KαψKα
+
1
2
∑
αα′
∫
K¯
fαα′ ρ¯K¯αρK¯α′ , (1)
where µ0(k⊥) = −Σ(kF , i0) is a counter-term involv-
ing the exact self-energy at the true FS k = kF and
zero frequency, and δk‖ = k‖ − αkF (k⊥). Here k‖ is
the component of the two-dimensional lattice momen-
tum k parallel to the chain direction, and k⊥ is the cor-
responding perpendicular component. The FS kF can
then be parameterized as k‖ = αkF (k⊥), where α = ±1
labels the two disconnected sheets of the FS, see Fig. 1.
We neglect the k⊥-dependence of the Fermi velocity vF .
The chiral fields ψKα are defined in terms of the usual
Fermi fields ψk‖,k⊥,iω via ψKα = ψαkF (k⊥)+δk‖,k⊥,iω , and
the chiral densities ρK¯α are ρK¯α =
∫
K
ψ¯KαψK+K¯α. We
use collective labels K = (δk‖, k⊥, iω) for fermionic and
K¯ = (k¯‖, k¯⊥, iω¯) for bosonic fields, where ω and ω¯ are
Matsubara frequencies. The integration symbols are∫
K
=
∫
k⊥
∫ Λ‖
−Λ‖
dδk‖
2π
∫
dω
2π and
∫
K¯
=
∫
k¯⊥
∫ Λ¯‖
−Λ¯‖
dk¯‖
2π
∫
dω¯
2π
2where for later convenience we have introduced the no-
tation
∫
k⊥
=
∫ Λ⊥
−Λ⊥
dk⊥
2Λ⊥
and
∫
k¯⊥
=
∫ Λ¯⊥
−Λ¯⊥
dk¯⊥
2Λ¯⊥
. Here Λ‖
is a bandwidth cutoff, Λ⊥ = π/a⊥ is the width of the
Brillouin zone in transverse direction, and Λ¯⊥ and Λ¯‖ re-
strict the momentum transfered by the interaction in the
directions parallel and perpendicular to the chains. We
assume that Λ¯‖ ≪ min{kF (k⊥)}, so that the interaction
fαα′ in Eq. (1) does not transfer momentum between the
two disconnected sheets of the FS. However, the trans-
verse momentum transfer cutoff Λ¯⊥ can be of the order
of the transverse width Λ⊥ = π/a⊥ of the Brillouin zone,
so that transverse Umklapp scattering is possible. For
simplicity we set Λ¯⊥ = Λ⊥ and call Λ¯‖ = Λ0.
Self-consistent perturbation theory. To begin with, let
us calculate the FS within second order self-consistent
perturbation theory. Using the procedure outlined in
Ref. [13], we obtain the following integral equation for
the difference δkF (k⊥) = kF (k⊥) − kF,0(k⊥) between
the true Fermi momentum kF (k⊥) and the corresponding
kF,0(k⊥) without interactions at the same density,
δkF (k⊥)
Λ0
=
[
−g4 +
g24 + g
2
2
2
]∫
k¯⊥
∆˜(k⊥, k¯⊥)
−g22
∫
k¯⊥
∫
k′⊥
J(∆˜(k⊥, k¯⊥); ∆˜(k
′
⊥, k¯⊥)) , (2)
where ∆˜(k⊥, k¯⊥) = [kF (k⊥)− kF (k⊥ + k¯⊥)]/Λ0, and
J(∆˜; ∆˜′) =
∆˜ + ∆˜′
4
ln
[
4− (∆˜− ∆˜′)2
(∆˜ + ∆˜′)2
]
. (3)
The dimensionless couplings g2 and g4 are defined via
2πg4 = ν0f++ = ν0f−− and 2πg2 = ν0f+− = ν0f−+,
where the factor ν0 = Λ⊥(πvF )
−1 = (a⊥vF )
−1 is in-
troduced for convenience. We have solved Eq. (2) nu-
merically, but for small t⊥ we can also obtain an ap-
proximate analytic solution using the fact that in this
case the dominant renormalization of the FS is due to
the logarithmic term in Eq. (3). Suppose that the bare
FS is of the form kF,0(k⊥) = k¯F + t0 cos(k⊥a⊥) where
t0 = 2t⊥,0/vF ≪ Λ0 and the average k¯F is fixed by
the total density. The renormalized FS is then given by
kF (k⊥) = k¯F + t cos(k⊥a⊥)+ . . ., where t is proportional
to the renormalized nearest neighbor interchain hopping,
and the ellipsis denotes higher harmonics corresponding
to longer range hoppings. From the numerical solution
of the integral equation (2) we find that for g2, g4 ≪ 1
the higher harmonics are indeed small. Then Eq. (2)
can be reduced to a transcendental equation for t, which
to leading logarithmic order in t/Λ0 can be written as
t/t0 = [1 +R(t)]
−1, with
R(t) ≈
g4
2
−
g24
4
+
g22
2
ln(Λ0/|t|) . (4)
A similar relation has been obtained previously [12, 14]
for the difference between the Fermi momenta associ-
ated with the bonding and the anti-bonding band in two
coupled spinless chains. Note that to first order in the
bare interaction R(t) ∝ g4, so that a repulsive interaction
g4 > 0 reduces the warping of the FS, while for g4 < 0
the warping of the FS is enhanced. However, for t⊥ → 0
the logarithmic term proportional to g22 always dominates
and predicts an interaction-induced reduction of the FS
warping, irrespective of the sign of the interaction.
Functional RG approach. We now generalize the RG
approach developed in Ref. [12] in the context of a sim-
plified two-chain model to the more interesting two-
dimensional case considered here. The method has been
described in detail previously [12], so that we will be
rather brief here. In the momentum transfer cutoff
scheme [11] we decouple the density-density interaction
by means of a bosonic Hubbard-Stratonovich transfor-
mation and then use the maximal momentum carried by
the boson field as flow parameter Λ of the RG. Our ini-
tial cutoff is thus Λ = Λ0 = Λ¯‖. Eliminating boson
fields with momenta in the range Λ < |k¯‖| < Λ0 we
obtain a new effective action, whose vertices are deter-
mined by a formally exact hierarchy of functional RG
flow equations. To calculate the true FS, we need the
flow equation for the relevant part rl(k⊥) of the irre-
ducible fermionic self-energy ΣΛ(K,α), which is defined
via rl(k⊥) = Zl(k⊥)[ΣΛ(kF , i0, α) + µ0(k⊥)]/vFΛ. Here
l = ln(Λ0/Λ) and Zl(k⊥) is the flowing wave-function
renormalization. The functional RG flow equation for
rl(k⊥) is of the form
∂lrl(k⊥) = [1− ηl(k⊥)]rl(k⊥) + Γ˙l(k⊥) , (5)
where ηl(k⊥) = −∂l lnZl(k⊥) is the flowing anomalous
dimension. An approximate expression for the inhomo-
geneity Γ˙l(k⊥) is given in Eq. (7) below. As long as
η∞(k⊥) < 1, the FS is well defined. The shift δkF (k⊥)
of the FS due to interactions can then be obtained from
the requirement that the initial value r0(k⊥) should be
fine tuned so that the relevant coupling rl(k⊥) flows into
a fixed point [15]. This leads to the following exact inte-
gral equation for the FS,
δkF (k⊥)
Λ0
= r0(k⊥) = −
∫ ∞
0
dle−l+
R
l
0
dtηt(k⊥)Γ˙l(k⊥) .
(6)
Using the same truncation strategy as in Ref. [12], we
approximate
Γ˙l(k⊥) = −
∫
k¯⊥
∫
dq¯dǫ¯
(2π)2
δ(|q¯| − 1)[Fl(q¯, iǫ¯, k¯⊥)]ααe
iǫ¯0
iǫ¯− αq¯ − ∆˜l(k⊥, k¯⊥)
×γl(k⊥, k¯⊥)γl(k⊥ + k¯⊥,−k¯⊥) , (7)
where ∆˜l(k⊥, k¯⊥) = k˜F,l(k⊥) − k˜F,l(k⊥ + k¯⊥) with
k˜F,l(k⊥) = kF (k⊥)/Λ− rl(k⊥). The inverse of the 2× 2-
matrix Fl(q¯, iǫ¯, k¯⊥) is defined via
[Fl(q¯, iǫ¯, k¯⊥)]
−1
αα′ = [ν0f ]
−1
αα′ + δαα′Π˜l(q¯, iǫ¯, k¯⊥, α) , (8)
3=
FIG. 2: Diagrammatic representation of the flow equation
(11) for the three-legged vertex with one bosonic (wavy line)
and two fermionic (solid lines with arrows) external legs.
The thick wavy line with a slash denotes the bosonic single
scale propagator. Additional contributions involving irrele-
vant higher order vertices are omitted, see Refs. [11, 12].
where f is a matrix in chirality space with elements
[f ]αα′ = fαα′ , and Π˜l(q¯, iǫ¯, k¯⊥, α) is the rescaled polar-
ization associated with fermions of chirality α, for which
we use the adiabatic approximation [12]
Π˜l(q¯, iǫ¯, k¯⊥, α) =
1
2π
∫
k⊥
∆˜l(k⊥, k¯⊥) + αq¯
∆˜l(k⊥, k¯⊥) + αq¯ − iǫ¯
× γl(k⊥, k¯⊥)γl(k⊥ + k¯⊥,−k¯⊥) . (9)
The anomalous dimension is in this approximation
ηl(k⊥) = −
∫
k¯⊥
∫
dq¯dǫ¯
(2π)2
δ(|q¯| − 1)[Fl(q¯, iǫ¯, k¯⊥)]αα
[iǫ¯− αq¯ − ∆˜l(k⊥, k¯⊥)]2
×γl(k⊥, k¯⊥)γl(k⊥ + k¯⊥,−k¯⊥) . (10)
Finally, the dimensionless vertex γl(k⊥, k¯⊥) with one
bosonic and two fermionic external legs (where k⊥ labels
the incoming fermion and k¯⊥ labels the boson) satisfies
the flow equation
∂lγl(k⊥, k¯⊥) = −
1
2
[ηl(k⊥) + ηl(k⊥ + k¯⊥)]γl(k⊥, k¯⊥)
−
∫
k¯′⊥
∫
dq¯dǫ¯
(2π)2
δ(|q¯| − 1)[Fl(q¯, iǫ¯, k¯
′
⊥)]αα
×
γl(k⊥ + k¯
′
⊥, k¯⊥)γl(k⊥, k¯
′
⊥)γl(k⊥ + k¯⊥ + k¯
′
⊥,−k¯
′
⊥)
[iǫ¯− αq¯ − ∆˜l(k⊥, k¯′⊥)][iǫ¯− αq¯ − ∆˜l(k⊥ + k¯⊥, k¯
′
⊥)]
,
(11)
with initial condition γl=0(k⊥, k¯⊥) = 1. A graphical rep-
resentation of Eq. (11) is shown in Fig. 2.
Results. Eqs. (5)-(11) form a closed system of flow
equations for the rescaled self-energy at the FS rl(k⊥),
the flowing anomalous dimension ηl(k⊥), and the three-
legged vertex γl(k⊥, k¯⊥). Of course, these equations can
only be solved numerically, but the qualitative behavior
of the solutions can also be extracted analytically. To
begin with, let us establish the relation with the per-
turbative Eq. (2). We set g4 = 0 from now on, be-
cause the dominant renormalization of the FS is due to
the g2-process. In the simplest approximation, we set
γl(k⊥, k¯⊥) ≈ 1, ηl(k⊥) ≈ 0 and replace the flowing FS
k˜F,l(k⊥) = kF (k⊥)/Λ − rl(k⊥) by kF (k⊥)/Λ. Then we
FIG. 3: (Color online) Typical evolution of the vertex
γl(k⊥, k¯⊥) for different values of the flow parameter l. To
evaluate the flow we have expanded in Eqs. (7) and (11)
up to g22. We have assumed a harmonic bare FS with am-
plitude t0/Λ0 = 10
−3 and bare coupling g2 = 0.4 From
left to right l = 1
2
lc, lc, 3lc and γmin = 0.999989, 0.981, 0.85,
where the crossover scale lc (see text) can be approximated
by lc ≈ − ln(2t0/Λ0) for small g2.
obtain from Eqs. (6) and (7) to leading logarithmic order
δkF (k⊥)
Λ0
= [(1−g22)
− 1
2−1]
∫
k¯⊥
∆˜(k⊥, k¯⊥) ln |∆˜(k⊥, k¯⊥)| .
(12)
Expanding in harmonics we obtain as before t/t0 = [1 +
R(t)]−1, but now with
R(t) ≈ [(1− g22)
− 1
2 − 1] ln(Λ0/|t|) , (13)
which reduces to Eq. (4) to leading order in g2. Obvi-
ously, R(t) → ∞ for g2 → 1, indicating a confinement
transition at strong coupling, where the renormalized in-
terchain hopping t vanishes. However, from our previous
work on two coupled chains [12] we know that vertex cor-
rections and wave-function renormalizations can possibly
change this scenario.
To investigate this, let us first consider the RG flow
of the vertex γl(k⊥, k¯⊥) numerically. Representative re-
sults are shown in Fig. 3. Obviously, the dependence of
γl(k⊥, k¯⊥) on the fermionic momentum k⊥, which devel-
ops at intermediate scales l, is smoothed out again at
the scale lc where the reduced cutoff Λc = Λ0e
−lc be-
comes comparable with the warping of the renormalized
FS. Defining the flowing dimensionless nearest neighbor
interchain hopping t˜l via k˜F,l = k¯F /Λ+t˜l cos(k⊥a⊥)+. . .,
the crossover scale lc can be defined self-consistently via
2t˜l=lc = 1. Because of the weak dependence of γl(k⊥, k¯⊥)
on the fermionic momentum k⊥, we may approximate
γl(k⊥, k¯⊥) ≈ γl(0, k¯⊥) ≡ γl(k¯⊥). Moreover, using the
fact that close to the confinement transition |t˜l| ≪ 1,
we obtain from Eqs. (5)-(11) to leading order in t˜l the
following RG flow equation for the effective interaction
gl(k¯⊥) = g2γ
2
l (k¯⊥),
∂lgl(k¯⊥) = −
4 sin2(k¯⊥a⊥/2)gl(k¯⊥)u
2
l t˜
2
l√
1− u2l [1 +
√
1− u2l ]
3
, (14)
with ul = gl(π/a⊥). Note that the flow of gl(k¯⊥) is driven
by the component gl(π/a⊥) of the interaction involving
4g2
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
t⊥ / t⊥,0
u
full numerics
perturbative expansion
FIG. 4: (Color online) Renormalized nearest neighbor in-
terchain hopping t⊥ and renormalized interaction u =
g∞(pi/a⊥) as a function of the bare interaction g2 for t˜0 =
2t⊥,0/(vFΛ0) = 0.1 as obtained from the numerical solution
of Eqs. (7) and (11). For the perturbative curves we have
expanded in these equations up to order g22 .
de-confined phase confined phase
u
t
~
l
l
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l t
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FIG. 5: (Color online) Projection of the RG flow in the t˜-
u plane. The trajectories are obtained from the numerical
solution of Eq.(14) and t˜l = (1−η¯l)t˜l, where η¯l is the weighted
FS average of the flowing anomalous dimension ηl(k⊥) defined
in the text.
momentum transfer k¯⊥ = π/a⊥; in a simplified two-chain
model this corresponds to the pair-tunneling process [14].
The flow of the rescaled interchain hopping t˜l is deter-
mined by ∂lt˜l = (1−η¯l)t˜l+O(t˜
2
l ), where η¯l is the weighted
FS average η¯l = 2
∫
k⊥
sin2(k⊥a⊥/2)ηl(k⊥) of the flowing
anomalous dimension, which for small t˜l can be approxi-
mated by ηl(k⊥) = [1− g
2
l (k⊥)]
− 1
2 − 1. From the numer-
ical solution of these equations we find that, for a given
t⊥,0 ≪ vFΛ0, there exists a critical value of the bare
interaction g2 where the renormalized t˜ = t˜∞ vanishes,
corresponding to a confinement transition to a state with
vanishing interchain hopping t⊥ and flat FS. In Fig. 4 we
show the ratio t⊥/t⊥,0 together with the renormalized
interaction u = g∞(π/a⊥) as a function of the bare in-
teraction for small t˜0 = 2t⊥,0/(vFΛ0). A projection of
the RG flow in the t˜-u plane is shown in Fig. 5. At the
confinement transition the system is certainly not a Fermi
liquid, because the anomalous dimension ηl(k⊥) is larger
than unity and a sharp FS cannot be defined [15]. The
physical properties of the model in the confined phase
remain to be explored.
Summary and conclusions. We have shown that suffi-
ciently strong interactions involving momentum transfers
parallel to the chains can lead to a confinement transition
in highly anisotropic quasi-one-dimensional metals. At
the confinement transition the curvature of the two dis-
connected sheets of the FS vanishes, so that a coherent
motion of the electrons perpendicular to the chains is not
possible and the electronic motion is one-dimensional.
Our calculation thus supports the existence of a confined
state in quasi-one-dimensional metals, as originally sug-
gested by Clarke, Strong, and Anderson [6]. In the con-
fined state the system is a non-Fermi liquid with large
anomalous dimension. From the numerical solution of
our functional RG equations we found no evidence for a
truncation transition [4, 5], where only certain sectors of
the FS are washed out by interactions.
Because in this work we have considered only spin-
less fermions and interactions which do not transfer mo-
mentum between the two disconnected sheets of the FS,
our model (1) is too simple to describe the competi-
tion between confinement and the tendency to develop
some kind of long-range order, such as charge-density or
spin-density waves. In principle, spin fluctuations can be
taken into account with the help of another Hubbard-
Stratonovich field, but the analysis of the resulting RG
equations for the coupled boson-fermion model requires
a substantial extension of our calculation.
We thank A. Ferraz and F. H. L. Essler for useful dis-
cussions.
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